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NORMAL PROJECTIVE VARIETIES ADMITTING POLARIZED OR
INT-AMPLIFIED ENDOMORPHISMS
SHENG MENG AND DE-QI ZHANG
Abstract. Let X be a normal projective variety admitting a polarized or int-amplified
endomorphism f . We list up characteristic properties of such an endomorphism and
classify such a variety from the aspects of its singularity, anti-canonical divisor and
Kodaira dimension. Then we run the equivariant minimal model program with respect
to not just the single f but also the monoid SEnd(X) of all surjective endomorphisms
of X , up to finite-index. Several applications are given. We also give both algebraic and
geometric characterizations of toric varieties via polarized endomorphisms.
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1. Introduction
In this note, we report our recent results in studying surjective endomorphisms, espe-
cially polarized endomorphisms and int-amplified endomorphisms of higher dimensional
algebraic varieties in arbitrary characteristic. The main focus is in setting up the equivari-
ant minimal model program (MMP) for such endomorphisms. We will outline the ideas
but refer to the original papers for the detailed proofs. Our approach is more geometric.
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For simplicity of the presentation, we mainly work over an algebraically closed field k
of characteristic 0, except the last section where the cases of positive characteristic are
discussed.
In Section 2, we introduce various notions, like polarized endomorphisms, (int-) ampli-
fied endomorphisms, etc., and state the important properties enjoyed by these endomor-
phisms.
In Section 3, we characterize normal projective varieties X admitting amplified en-
domorphisms from the aspects of their singularities, canonical divisors, and Kodaira
dimensions. These are rough descriptions which will be used later for the theory of the
equivariant MMP on X .
In Section 4, we show the equivariance of the MMP for a single polarized or int-amplified
endomorphism.
In Section 5, we show the finiteness of the number of contractible extremal rays for a
projective variety X admitting a polarized or int-amplified endomorphism. This way, we
confirm the equivariance of the MMP on X for a finite-index submonoid of the monoid
SEnd(X) of all surjective endomorphisms of X .
In Section 6, we give the characterizations of toric varieties in terms of the existence
of almost homogeneity or polarized endomorphisms equipped with an extra ramification
condition.
In Section 7, we list several results which have appeared in the previous sections and
also hold true in the case of positive characteristic. Of course, we need to assume some
extra natural conditions, like separability of the map, etc.
We refer the readers to the survey paper [39] which has more number-theoretic flavours
and includes many outstanding conjectures.
Acknowledgement. The second named author would like to thank the organizing
committee for the kind invitation and warm hospitality during the International confer-
ence : Nevanlinna theory and Complex Geometry in Honor of Le Van Thiem’s Centenary,
February - March, 2018, Hanoi, Vietnam. Both authors would like to thank the referee
for the very careful reading and the suggestions to improve and clarify the paper. The
first named author is supported by a Research Assistantship of NUS. The second named
author is supported by an Academic Research Fund of NUS.
2. Polarized or int-amplified endomorphisms
Let X be a projective variety. A Cartier divisor is assumed to be integral, unless other-
wise indicated. Denote by Pic(X) the group of Cartier divisors modulo linear equivalence
and Pic0(X) the subgroup of the classes in Pic(X) which are algebraically equivalent to
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0. Then
NS(X) := Pic(X)/Pic0(X)
is the Ne´ron-Severi group. Denote by
N1(X) := NS(X)⊗Z R
and
NSK(X) := NS(X)⊗Z K
for K := Q, R, or C. So NSR(X) = N
1(X).
Let n := dim(X). We can regard N1(X) as the space of numerically equivalent classes
of R-Cartier divisors. Two R-Cartier divisors D1 and D2 are numerically equivalent,
denoted as
D1 ≡ D2
if their classes [D1] and [D2] in N
1(X) are the same, i.e., if
(D1 −D2) · C = 0
for any curve C on X . Denote by
Nr(X)
the space of weakly numerically equivalent classes of r-cycles with R-coefficients. Namely,
two r-cylces Z1 and Z2 are weakly numerically equivalent, if the intersection
(Z1 − Z2) · L1 · · ·Ln−r = 0
for all Cartier divisors Li (cf. [25, Definition 2.2]). When X is normal, we also call
Nn−1(X) the space of weakly numerically equivalent classes of Weil R-divisors. In this
case, N1(X) can be regarded as a subspace of Nn−1(X) (cf. [38, Lemma 3.2]).
We recall the definitions of the following cones:
• Amp(X) is the cone of ample classes in N1(X).
• Nef(X) is the cone of nef classes in N1(X).
• PE1(X) is the cone of pseudo-effective R-Cartier divisor classes in N1(X).
• PEn−1(X) is the cone of pseudo-effective Weil R-divisor classes in Nn−1(X).
A Weil R-divisor B is said to be big if B is in the interior part of PEn−1(X).
Let f : X → X be a surjective endomorphism. Then f is a finite morphism of degree
d. We may define pullback of cycles for f , such that f ∗ induces an automorphism of
Nr(X) and f∗f
∗ = d id; see [37, Section 2.3]. Note that the above cones are f ∗-invariant.
We refer to [25, §2] for more information.
Definition 2.1. Let f : X → X be a surjective endomorphism of a projective variety X .
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(1) f is numerically polarized if f ∗L ≡ qL for some ample Cartier divisor L and
integer q > 1.
(2) f is numerically quasi-polarized if f ∗L ≡ qL for some big Cartier divisor L and
integer q > 1.
(3) f is quasi-polarized if f ∗L ∼ qL for some big Cartier divisor L and integer q > 1.
(4) f is q-polarized if f ∗L ∼ qL for some ample Cartier divisor L and integer q > 1.
(5) f is int-amplified if f ∗L− L = H for some ample Cartier divisors L and H .
(6) f is amplified if f ∗L− L = H for some (not necessarily ample) Cartier divisor L
and some ample Cartier divisor H .
For convenience, sometimes we simply say f is polarized if it is q-polarized for some in-
teger q > 1. It is easy to see that “polarized” implies “int-amplified” and “int-amplified”
implies “amplified”. The notion of an amplified endomorphism f : X → X was first
introduced by Krieger and Reschke (cf. [23]); preceding to this, Fakhruddin [15, Theorem
5.1] has shown that for such f , the set of f -periodic points is Zarisiki dense in X . There
do exist amplified automorphisms (e.g., automorphisms of positive entropy on abelian
surfaces), while the degree of an int-amplified endomorphism is always greater than 1
(cf. [24, Lemma 3.10]). Unlike the polarized property (cf. [25, Corollary 3.12]), in gen-
eral, it is impossible to preserve the amplified automorphism property via a birational
equivariant lifting (cf. [23, Lemma 4.4] and [32, Theorem 1.2]).
On one hand, we do not know whether the amplified property can be descended via
an equivariant morphism (cf. [23, Question 1.10]). On the other hand, int-amplified
endomorphisms have all the nice properties enjoyed by the polarized endomorphisms
(cf. [25, §3]).
Next we focus on showing the equivalence of the first four polarizations in Definition
2.1. The following is a norm criterion for a numerically polarized endomorphism.
Proposition 2.2. (cf. [25, Proposition 2.9], [10, Proposition 3.1]) Let ϕ : V → V be an
invertible linear map of a positive dimensional real vector space equipped with a norm.
Assume
ϕ(C) = C
for a convex cone C ⊆ V such that C spans V and its closure C contains no line. Let q
be a positive number. Then the conditions (i) and (ii) below are equivalent.
(i) ϕ(u) = qu for some u ∈ C◦ (the interior part of C).
(ii) There exists a constant N > 0, such that
||ϕi||
qi
< N
for all i ∈ Z.
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Assume further the equivalent conditions (i) and (ii). Then the following are true.
(1) ϕ is a diagonalizable linear map with all eigenvalues of modulus q.
(2) Suppose q > 1. Then, for any v ∈ V such that ϕ(v)− v ∈ C, we have v ∈ C.
Applying the above criterion to the cones Nef(X) and PE1(X), we now can say the
equivalence of “numerically quasi-polarized” and “numerically polarized”; see [25, Propo-
sition 3.6]. Furthermore, applying [29, Lemma 2.3], “numerically polarized” is equivalent
to “polarized” by taking H there to be ample.
Theorem 2.3. (cf. [25, Proposition 1.1]) Let f : X → X be a numerically quasi-polarized
endomorphism of a projective variety X. Then f is polarized.
The following are useful criteria for int-amplified endomorphisms.
Proposition 2.4. (cf. [24, Proposition 3.3]) Let f : X → X be a surjective endomor-
phism of a projective variety X. Then the following are equivalent.
(1) The endomorphism f is int-amplified.
(2) All the eigenvalues of
ϕ := f ∗|N1(X)
are of modulus greater than 1.
(3) There exists some big R-Cartier divisor B such that f ∗B −B is big.
(4) If C is a ϕ-invariant convex cone in N1(X), then
∅ 6= (ϕ− idN1(X))
−1(C) ⊆ C.
Considering the action f ∗|Nn−1(X) and the cone PEn−1(X), we have similar criteria as
follows.
Proposition 2.5. (cf. [24, Proposition 3.4]) Let f : X → X be a surjective endomor-
phism of an n-dimensional normal projective variety X. Then the following are equiva-
lent.
(1) The endomorphism f is int-amplified.
(2) All the eigenvalues of
ϕ := f ∗|Nn−1(X)
are of modulus greater than 1.
(3) There exists some big Weil R-divisor B such that f ∗B−B is a big Weil R-divisor.
(4) If C is a ϕ-invariant convex cone in Nn−1(X), then
∅ 6= (ϕ− idNn−1(X))
−1(C) ⊆ C.
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By the above criteria, we may easily show that the properties of “numerically polarized”
and “int-amplified” are preserved via every equivariant descending.
Proposition 2.6. (cf. [25, Theorem 3.11], [24, Lemmas 3.5, 3.6]) Let pi : X 99K Y be a
dominant rational map of projective varieties. Let f : X → X and g : Y → Y be two
surjective endomorphisms such that
g ◦ pi = pi ◦ f.
Suppose f is numerically polarized (resp. int-amplified). Then g is also numerically po-
larized (resp. int-amplified).
3. Singularities, anti-canonical divisor and Kodaira dimension
We refer to [22, Chapters 2 and 5] for the definitions and the properties of log canonical
(lc), Kawamata log terminal (klt), canonical and terminal singularities.
Let f : X → X be a surjective endomorphism of a normal projective variety X .
When dim(X) = 2, Wahl [35, Theorem 2.8] showed that X has at worst lc singularities.
Broustet and Ho¨ring [8, Corollary 1.5] generalized this result to higher dimensions by
adding extra assumptions that f is polarized and X is Q-Gorenstein. We may further
weaken the extra assumption “f is polarized” to the assumption “f is int-amplified.”
Theorem 3.1. (cf. [24, Theorem 1.6]) Let X be a Q-Gorenstein normal projective variety
over the field k of characteristic 0 admitting an int-amplified endomorphism. Then X
has at worst lc singularities.
When f is polarized and X is smooth, Boucksom, de Fernex and Favre [5, Theorem C]
showed that −KX is pseudo-effective. Cascini, Meng and Zhang [10, Theorem 1.1 and
Remark 3.2] used a different method to show further that −KX is weakly numerically
equivalent to an effective Weil Q-divisor without the assumption of X being smooth.
By applying Propositions 2.4 and 2.5 and the ramification divisor formula, we have the
following result for the int-amplified case.
Theorem 3.2. (cf. [24, Theorem 1.5]) Let X be a normal projective variety admitting
an int-amplified endomorphism. Then −KX is weakly numerically equivalent to some
effective Weil Q-divisor. If X is further assumed to be Q-Gorenstein, then −KX is
numerically equivalent to some effective Q-Cartier divisor.
Let f : X → X be an amplified endomorphism of a projective variety X . By taking
the equivariant Iitaka fibration (cf. [28, Theorem A]), we obtain the following constraint
on the Kodaira dimension of X .
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Theorem 3.3. (cf. [24, Lemma 2.5]) Let f : X → X be an amplified endomorphism of
a projective variety X. Then the Kodaira dimension κ(X) ≤ 0.
4. Equivariant MMP with respect to an endomorphism
This section generalises and extends results in [37] to higher dimensions.
Let
(∗) : X1 99K X2 99K · · · 99K Xr
be a finite sequence of dominant rational maps of projective varieties. Let f : X1 → X1
be a surjective endomorphism. We say the sequence (∗) is f -equivariant if the following
diagram is commutative
X1 //❴❴❴
f1

X2 //❴❴❴
f2

· · · //❴❴❴ Xr
fr

X1 //❴❴❴ X2 //❴❴❴ · · · //❴❴❴ Xr
where f1 = f and all fi are surjective endomorphisms. Let S be a set of surjective
endomorphisms of X . We say the sequence (∗) is S-equivariant if it is g-equivariant for
any g ∈ S.
We first need the following key lemma for the theory of the equivariant MMP.
Lemma 4.1. (cf. [24, Lemma 8.1], [25, Lemma 6.1]) Let f : X → X be an int-amplified
endomorphism of a projective variety X. Assume A ⊆ X is a closed subvariety with
f−if i(A) = A
for all i ≥ 0. Then A is f−1-periodic (i.e., f−s(A) = A for some s > 0).
Applying the same argument and proofs of [25, Lemma 6.2 to Lemma 6.6], we obtain
the following theorem. Note that Proposition 2.6 and Theorem 2.3 are needed to show
the following g is again polarized or int-amplified.
Theorem 4.2. (cf. [24, Theorem 8.2]) Let f : X → X be a polarized (resp. int-amplified)
endomorphism of a Q-factorial lc projective variety X. Let pi : X 99K Y be a dominant
rational map which is
(i) either a divisorial contraction, or
(ii) a Fano contraction, or
(iii) a flipping contraction, or
(iv) a flip
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induced by a KX-negative extremal ray. Then there exists a polarized (resp. int-amplified)
endomorphism g : Y → Y such that
g ◦ pi = pi ◦ f
after replacing f by a positive power.
Now assuming the existence of an MMP, we have the following result of equivariant
MMP by successively applying Theorem 4.2. We will also give a stronger version of the
following theorem in the next section (cf. Theorem 5.3).
Theorem 4.3. Let f : X → X be a polarized (or int-amplified) endomorphism of a
Q-factorial lc projective variety X. Then any finite sequence of MMP starting from X is
f s-equivariant for some s > 0.
The existence of a polarized or int-amplified endomorphism on a variety exerts strong
constraints on the geometry of the variety. Recall that a normal projective variety X
is said to be Q-abelian if there is a finite surjective morphism pi : A → X e´tale in
codimension 1 with A being an abelian variety.
Theorem 4.4. (cf. [29, Theorem 3.4], [17, Theorem 1.21], [25, Lemma 6.9], [24, Theorem
1.9]) Let f : X → X be an int-amplified endomorphism of a normal projective variety
X. Suppose either X is klt and KX is pseudo-effective or X is non-uniruled. Then X is
Q-abelian.
We refer to [22], [3] and [16] for details about an MMP. Together with the previous
theorem, one may characterize step by step the equivariant MMP and the action f ∗|N1(X).
Theorem 4.5. (cf. [25, Theorem 1.8], [24, Theorem 1.10]) Let f : X → X be an int-
amplified endomorphism of a Q-factorial klt projective variety X. Then, replacing f by a
positive power, there exists a finite sequence (∗) of f -equivariant MMP as at the beginning
of the section, where we set X1 := X, the Xi ···→Xi+1 is a divisorial contraction, flip,
or Fano-contraction corresponding to a KXi-negative extremal ray, and Y = Xr is a
Q-abelian variety, such that the following assertions hold.
(1) If KX is pseudo-effective, then X = Y and it is Q-abelian.
(2) If KX is not pseudo-effective, then for each i, Xi → Y is an equi-dimensional
well-defined morphism with every fibre irreducible (and rationally connected if the
base field k is further uncountable) and fi is int-amplified. The Xr−1 → Xr = Y
is a Fano contraction.
(3) f ∗|N1(X) is diagonalizable over C if and only if so is f
∗
r |N1(Y ).
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(4) If f is polarized, then f ∗|N1(X) is a scalar multiplication:
f ∗|N1(X) = q id,
if and only if so is f ∗r |N1(Y ).
Definition 4.6. Let X be a normal projective variety.
(1) q(X) := h1(X,OX) = dimH
1(X,OX) (the irregularity).
(2) q˜(X) := q(X˜) with X˜ a smooth projective model of X .
(3) q♮(X) := sup{q˜(X ′) |X ′ → X is finite surjective and e´tale in codimension one}.
(4) pialg1 (Xreg) is the algebraic fundamental group of the smooth locus Xreg of X .
The following result is an application of Theorem 4.5. Note that when f : X → X
is a polarized endomorphism of a projective variety X , the action f ∗|N1
C
(X) is always
diagonalizable and all the eigenvalues are of the same modulus (cf. [25, Proposition 2.9]).
However, without the extra assumptions on X as stated, Theorem 4.7 (2) fails, for a
general int-amplified endomorphism; see Example 4.8 given by Najmuddin Fakhruddin.
Theorem 4.7. (cf. [25, Lemma 9.1, Theorem 1.10], [24, Theorem 1.11]) Let f : X → X
be an int-amplified endomorphism of a Q-factorial klt projective variety X. Suppose either
q♮(X) = 0 or pialg1 (Xreg) is finite (e.g., X is smooth and rationally connected). Then we
have:
(1) There exists a finite sequence of MMP which ends up with a point.
(2) There exists some s > 0, such that (f s)∗|N1(X) is diagonalizable over Q with all
the eigenvalues being positive integers greater than 1.
(3) If f is further q-polarized, then (f s)∗|N1(X) = q
s id.
Example 4.8. (Fakhruddin) Let E be an elliptic curve admitting a complex multipli-
cation. Let
S = E ×E.
Then dim(N1(S)) = 4. Let σ : S → S be an automorphism given as:
(x, y) 7→ (x, x+ y).
Then σ∗|N1(S) is not diagonalizable over C. Let mS be the multiplication endomorpphism
of S. Note that
m∗S|N1(S) = m
2 idN1(S) .
So f := σ ◦mS is int-amplified for m > 1, by Proposition 2.4. Clearly,
f ∗|N1(S)
is not diagonalizable over C.
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5. Equivariant MMP with respect to the monoid SEnd(X)
We use Proposition 5.1 below in proving the results in the rest of this section. As kindly
informed by Professors Dinh and Sibony, this kind of result (with a complete proof)
first appeared in [13, Section 3.4]; [12, Theorem 3.2] is a more general form including
Proposition 5.1 below, requiring a weaker condition and dealing with also dominant
meromorphic self-maps of Ka¨hler manifolds; see comments in [14, page 615] for the history
of these results; see also [6].
Proposition 5.1. (cf. [27, Proposition 3.6]) Let f : X → X be an int-amplified en-
domorphism of a projective variety X. Then there are only finitely many f−1-periodic
Zariski closed subsets.
Let X be a projective variety and let C be a curve. Denote by
RC := R≥0[C]
the ray generated by [C] in NE(X). Denote by
ΣC
the union of curves whose classes are in RC .
Definition 5.2. Let X be a projective variety. Let C be a curve such that RC is an
extremal ray in NE(X). We say C or RC is contractible if there is a surjective morphism
pi : X → Y to a projective variety Y such that the following hold.
(1) pi∗OX = OY .
(2) Let C ′ be a curve in X . Then pi(C ′) is a point if and only if [C ′] ∈ RC .
(3) Let D be a Q-Cartier divisor of X . Then D · C = 0 if and only if D ≡ pi∗DY
(numerical equivalence) for some Q-Cartier divisor DY of Y .
A submonoid G of a monoid Γ is said to be of finite-index in Γ if there is a chain
G = G0 ≤ G1 ≤ · · · ≤ Gr = Γ
of submonoids and homomorphisms ρi : Gi → Fi such that Ker(ρi) = Gi−1 and all Fi are
finite groups.
Denote by
SEnd(X)
the monoid of all surjective endomorphisms of X .
Theorem 5.3. (cf. [27, Theorem 1.1]) Let X be a (not necessarily normal or Q-Gorenstein)
projective variety with a polarized (or int-amplified) endomorphism f . Then:
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(1) X has only finitely many (not necessarily KX-negative) contractible extremal rays
in the sense of Definition 5.2.
(2) Suppose that X is Q-factorial and normal. Then any finite sequence of MMP
starting from X is G-equivariant for some finite-index submonoid G of SEnd(X).
We give the main idea of the proof of Theorem 5.3. First, we make use of Lemma 4.1 to
show that the exceptional locus of each contraction is f−1-periodic. By Proposition 5.1,
there are only finitely many f−1-periodic closed subvarieties. Finally, we show that there
are only finitely many contractible extremal rays sharing the same exceptional locus.
Theorem 5.4. (cf. [27, Theorem 1.2]) Let f : X → X be an int-amplified endomorphism
of a Q-factorial klt projective variety X. Then there exist a finite-index submonoid G of
SEnd(X), a Q-abelian variety Y , and a G-equivariant relative MMP over Y
X = X0 99K · · · 99K Xi 99K · · · 99K Xr = Y
(i.e. g ∈ G = G0 descends to gi ∈ Gi on each Xi), such that the following assertions
hold.
(1) There is a finite quasi-e´tale (i.e., e´tale in codimension 1) Galois cover A → Y
from an abelian variety A such that GY := Gr lifts to a submonoid GA of SEnd(A).
(2) If g in G is amplified and its descending gi on Xi is int-amplified for some i, then
g is int-amplified. The Xr−1 → Xr = Y is a Fano contraction.
(3) For any subset H ⊆ G and its descending
HY ⊆ SEnd(Y )
H acts via pullback on NSQ(X) or NSC(X) as commutative diagonal matrices with
respect to a suitable basis if and only if so does HY .
Let
PEnd(X)
be the set of all polarized endomorphisms on X , and let
IEnd(X)
be the set of all int-amplified endomorphisms on X . In our earlier papers, we used Pol(X)
and IAmp(X) instead of PEnd(X) and IEnd(X), respectively. The new notation here is
suggested by the referee.
In general, these sets are not semigroups, i.e., they may not be closed under composi-
tion; see [24, Example 10.4]. When X is rationally connected and smooth, Theorem 5.5
below gives the assertion that if g and h are in PEnd(X) (resp. IEnd(X)) then gM ◦ hM
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remains in PEnd(X) (resp. IEnd(X)) for some M > 0 depending only on X . In particu-
lar, it answers affirmatively [36, Question 4.15], “up to finite-index”, when X is rationally
connected and smooth. By [27, Example 1.7], this extra “up to finite-index” assumption
is necessary.
Theorem 5.5. (cf. [27, Theorems 1.4, 6.2]) Let X be a rationally connected smooth
projective variety admitting a polarized (or int-amplified) endomorphism f . Then there
are a finite-index submonoid G ≤ SEnd(X) and an integer M > 0 both depending only
on X, such that:
(1) G∗|NSQ(X) is a commutative diagonal monoid with respect to a suitable Q-basis
B of NSQ(X). Further, for every g in G, the representation matrix [g
∗|NSQ(X)]B
relative to B, is equal to
diag[q1, q2, . . . ]
with integers qi ≥ 1.
(2) G ∩ PEnd(X) is a subsemigroup of G, and consists exactly of those g in G such
that
[g∗|NSQ(X)]B = diag[q, . . . , q]
for some integer q ≥ 2.
(3) G ∩ IEnd(X) is a subsemigroup of G, and consists exactly of those g in G such
that
[g∗|NSQ(X)]B = diag[q1, q2, . . . ]
with integers qi ≥ 2.
(4) We have hM ∈ G and that h∗|NSC(X) is diagonalizable for every h ∈ SEnd(X).
Let Aut(X) be the group of all automorphisms ofX , and Aut0(X) its neutral connected
component. By applying Theorems 5.4 and 5.5, we have the following result.
Theorem 5.6. (cf. [27, Theorems 1.5, 6.3]) Let X be a rationally connected smooth
projective variety. Suppose X admits a polarized (or int-amplified) endomorphism. Then
we have:
(1) Aut(X)/Aut0(X) is a finite group. More precisely, Aut(X) is a linear algebraic
group (with only finitely many connected components).
(2) Every amplified endomorphism of X is int-amplified.
(3) X has no automorphism of positive entropy (nor amplified automorphism).
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6. Characterizations of toric varieties
A normal projective variety X is said to be toric or a toric variety if X contains
an algebraic torus T = (k∗)n as an (affine) open dense subset such that the natural
multiplication action of T on itself extends to an action on the whole variety X . In this
case, let
D := X\T
which is a divisor; the pair (X,D) is said to be a toric pair.
Let G be a linear algebraic group acting on a normal projective variety X . We say
X is G-almost homogeneous if there exists an open dense G-orbit in X . Note that X is
toric if and only if X is T -almost homogeneous for some algebraic torus T . The following
result gives a sufficient condition, in terms of a polarized endomorphism, for an almost
homogeneous variety to be toric. The key ingredient in the proof is the main result in
[7].
Theorem 6.1. (cf. [26, Theorem 1.1]) Let f : X → X be a polarized endomorphism of a
G-almost homogeneous normal projective variety X with G being a linear algebraic group.
Assume further the following conditions.
(i) Let U be the open dense G-orbit in X and D the codimension-1 part of X \ U .
The Weil divisor KX +D is Q-Cartier.
(ii) The endomorphism f is G-equivariant in the sense: there is a surjective homo-
morphism ϕ : G→ G such that
f ◦ g = ϕ(g) ◦ f
for all g in G.
Then (X,D) is a toric pair.
Next we are going to state a geometric characterization of a toric pair. Let (X,∆) be a
log pair, i.e., X is a normal projective variety, ∆ is an effective Q-divisor and the divisor
KX +∆ is Q-Cartier. The complexity
c = c(X,∆)
of the pair (X,∆) is defined as
c := inf{n+ dimR(
∑
i
R[Si])−
∑
ai |
∑
aiSi ≤ ∆, ai ≥ 0, Si ≥ 0}.
Here
∑
i R[Si] is a subspace, spanned by the Weil divisor classes [Si], of the real space
spanned by all Weil divisor classes onX (modulo algebraic equivalence). Brown, McKernan,
Svaldi and Zong recently gave a geometric characterization of toric varieties involving the
14 SHENG MENG AND DE-QI ZHANG
complexity; see [9, Theorem 1.2]. Their result is a special case of a conjecture of Shokurov,
which is stated in the relative case (cf. [33]). A simple version of their result shows that
if (X,∆) is a log canonical pair such that ∆ is reduced, −(KX +∆) is nef, and c(X,∆)
is non-positive, then (X,∆) is a toric pair; see [26, Remark 4.4].
Let X be an n-dimensional smooth Fano variety of Picard number one and D ⊂ X
a reduced divisor. Assume the existence of a non-isomorphic surjective endomorphism
f : X → X such that D is f−1-invariant and f |X\D is e´tale. Hwang and Nakayama have
shown that X is isomorphic to Pn and D is a simple normal crossing divisor consisting
of n+ 1 hyperplanes; see [21, Theorem 2.1]. In particular, (X,D) is a toric pair. Indeed,
their argument shows that the complexity c(X,D) is non-positive.
Our Theorem 6.2 follows their idea and tries to generalize their result to the singular
case. Precisely, let X be a normal projective variety and D a reduced divisor such that
the pair (X,D) is log smooth over an open set U ⊆ X , i.e., U is smooth and D ∩U is of
simple normal crossing, where X \ U has codimension ≥ 2 in X . Let
Ωˆ1X(logD) = ι∗Ωˆ
1
X(logD)|U
with ι : U → X the inclusion, which is a reflexive sheaf and is independent of the choice
of the above U . Our key step is to verify that
Ωˆ1X(logD)
is free, i.e., isomorphic to O⊕nX ; see [21, Proposition 2.3] and [26, Theorem 5.4].
Theorem 6.2. (cf. [26, Theorem 1.2]) Let X be a normal projective variety which is
smooth in codimension 2, and D ⊂ X a reduced divisor such that
(i) there is a Weil Q-divisor Γ such that the pair (X,Γ) has only klt singularities;
(ii) there is a polarized endomorphism f : X → X such that D is f−1-invariant and
f |X\D is quasi-e´tale;
(iii) the algebraic fundamental group pialg1 (Xreg) of the smooth locus Xreg of X is trivial
(this holds when X is smooth and rationally connected); and
(iv) the irregularity q(X) := h1(X,OX) is zero (this holds when X is rationally con-
nected).
Then the complexity c(X,D) is non-positive.
An immediate corollary is the following.
Corollary 6.3. (cf. [26, Corollary 1.4]) Let X be a rationally connected smooth projective
variety and D ⊂ X a reduced divisor. Suppose f : X → X is a polarized endomorphism
such that D is f−1-invariant and f |X\D is quasi-e´tale. Then (X,D) is a toric pair.
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We say that a normal projective variety X is of Fano type if there is a Weil Q-divisor ∆
such that the pair (X,∆) has only klt singularities and −(KX+∆) is an ample Q-Cartier
divisor. The assumption below of X being of Fano type is necessary, since a normal
projective toric variety is known to be of Fano type. The lifting in the following corollary
is usually needed too; see [26, Remark 1.7].
Corollary 6.4. (cf. [26, Corollary 1.5]) Let f : X → X be a polarized endomorphism
of a normal projective variety X of Fano type which is smooth in codimension 2. Let
D ⊂ X be an f−1-invariant reduced divisor such that f |X\D is quasi-e´tale and KX +D
is Q-Cartier. Then there exist a quasi-e´tale cover
pi : X˜ → X
and a polarized endomorphism
f˜ : X˜ → X˜
such that
(1) the endomorphism f lifts to f˜ , i.e.,
pi ◦ f˜ = f ◦ pi,
and
(2) the pair (X˜, D˜) is toric, where D˜ = pi−1(D).
The following well known conjecture is still open (see also Question 6.6). It has been
affirmatively solved in dimension ≤ 3. We refer to [1], [2], [11], [20], [21], [29] and [31] for
details.
Conjecture 6.5. Let X be a Fano manifold of Picard number one which is different from
the projective space. Then a surjective endomorphism X → X must be bijective.
Generalizing the above conjecture to arbitrary Picard number, we may ask:
Question 6.6. Let X be a rationally connected smooth projective variety of dimension
n ≥ 1 which admits a polarized endomorphism. Is X (close to) a toric variety?
7. Cases in positive characteristic
Throughout this section, we always work over the field k of characteristic p > 0.
Definition 7.1. Let f : X → X be a surjective endomorphism of a projective variety X .
We say that f is separable if the induced field extension f ∗ : k(X)→ k(X) is separable.
Denote by fGal : Y → X the Galois closure of f .
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Let f : X → X be a separable surjective endomorphism of a normal projective variety
X . We have seen that f being “numerically quasi-polarized” implies f being “numerically
polarized”; see Proposition 2.2 which is applied to N1(X) and hence is characteristic free.
Furthermore, we have the following result generalizing Theorem 2.3.
Theorem 7.2. (cf. [10, Theorem 5.1]) Let f : X → X be a numerically quasi-polarized
separable endomorphism of a normal projective variety X. Then f is polarized.
Propositions 2.4 and 2.6 hold true in the case of positive characteristic since the argu-
ment are cone-theoretical. Let X be an n-dimensional normal projective variety. Then
N1(X) can be naturally embedded into Nn−1(X) due to the following lemma. So Propo-
sition 2.5 also holds true in the case of positive characteristic.
Lemma 7.3. Let X be a projective variety of dimension n ≥ 2. Let M a Cartier divisor.
Suppose that H1 · · ·Hn−1 ·M = 0 = H1 · · ·Hn−2 ·M
2 for some ample Cartier divisors
H1, · · · , Hn−1. Then M ≡ 0 (numerical equivalence).
Proof. When n = 2, this lemma follows from the Hodge index theorem. We then prove
by induction on n. Suppose n > 2. By taking normalization, we may assume X is
normal. Let C be an irreducible curve on X . Since n > 2, there exists an integral
hypersurface H ∈ |mH1| containing C for some m > 0 (cf. [19, Lemma 2.4]). Note that
H2|H · · ·Hn−1|H ·M |H = 0 = H2|H · · ·Hn−2|H ·(M |H)
2. By inductionM ·C =M |H ·C = 0.
So the lemma is proved. 
With some additional assumptions and extra work, we can deal with the singularities
for the surface case, extending [35] to positive characterisitics. We refer to [30, Lemma
4.4] for the generalized ramification divisor formula. In the case of positive characteristic,
one requires an additional “tame” assumption on f to apply [22, Proposition 5.20]; see
[30, Proposition 4.6, Remark 4.7, Example 4.8].
Theorem 7.4. (cf. [10, Theorem 10.2]) Let f : X → X be a non-isomorphic surjective
endomorphism of a normal algebraic surface X such that the degree deg fGal of the Galois
closure of f is co-prime to p. Then X is lc.
The proof of Theorem 3.2 is based on Propositions 2.4 and 2.5 and the ramification
divisor formula. So we can easily get the following.
Theorem 7.5. (cf. [10, Theorem 1.1], [24, Theorem 1.5]) Let X be a normal projective
variety admitting a polarized (or int-amplified) separable endomorphism. Then we have:
(1) −KX is weakly numerically equivalent to some effective Weil Q-divisor.
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(2) If X is further assumed to be Q-Gorenstein, then −KX is numerically equivalent
to some effective Q-Cartier divisor.
By a pure algebraic proof, we further have:
Theorem 7.6. (cf. [10, Theorem 1.4]) Let f : X → X be a numerically polarized sepa-
rable endomorphism of a normal projective variety X with KX being pseudo-effective and
Q-Cartier. Then f is quasi-e´tale and KX ∼Q 0.
Following the proof of [25, Lemma 6.1], [10, Lemma 6.2] and [24, Lemma 8.1], we may
generalize Lemma 4.1 as follows. We refer to [10, Remark 6.3] to see that the following
condition (2) is necessary.
Lemma 7.7. (cf. [27, Lemmas 3.4 and 3.5]) Let f : X → X be an int-amplified separable
endomorphism of a projective variety X. Assume A ⊂ X is a closed subvariety with
f−if i(A) = A
for all i ≥ 0. Assume further either one of the following conditions.
(1) A is a prime divisor of X.
(2) p and deg f are co-prime.
Then A is f−1-periodic.
The assumption “p and deg f are co-prime” for the following proposition is also neces-
sary; see [10, Remark 6.3].
Proposition 7.8. (cf. [27, Proposition 3.6]) Let f : X → X be an int-amplified endo-
morphism of a projective variety X. Suppose p and deg f are co-prime. Then there are
only finitely many f−1-periodic Zariski closed subsets.
With the above two results, Theorem 5.3 can also be generalized as follows.
Theorem 7.9. (cf. [27, Theorem 1.1]) Let X be a (not necessarily normal or Q-Gorenstein)
projective variety with a polarized (or int-amplified) endomorphism. Suppose p and deg f
are co-prime. Then:
(1) X has only finitely many (not necessarily KX-negative) contractible extremal rays
in the sense of Definition 5.2.
(2) Suppose X is Q-factorial normal. Then any finite sequence of MMP starting from
X is G-equivariant for some finite-index submonoid G of SEnd(X).
In the case of positive characteristic, the theory of MMP is still far from being com-
pleted and is only known for lc 3-folds with characteristic p > 5 (cf. [4], [18], [34] and the
references therein). For the lower dimensional cases, we refer to [10, Theorem 1.6] and
[10, Theorem 1.8] for versions similar to Theorems 4.5 and 4.7, respectively.
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